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Higgs mechanism in Abelian Higgs Model is analysed in detail. Leading quantum corrections
to the gauge boson propagator coming from interactions with topological defects are calculated in
the Higgs phase of the theory. It is shown, that they give rise to the massless component. Physical
interpretation of this phenomenon in terms of Aharonov-Bohm eect and related questions are
discussed.
I. INTRODUCTION
The quantum theory of selnteracting complex scalar eld, minimally coupled with abelian gauge eld is known to
have surprisingly rich properties. In particular case of Higgs-type potential for the scalar eld V (jj) the theory is a
relativistic analog of the well-known Ginzburg-Landau theory (see, for example, [1]) and it is referred to in this respect
as Abelian Higgs Model (AHM). The remarkable phenomena can be observed in both theories, such as appearance
of the photon mass due to the Higgs mechanism and existence of the topologically nontrivial classical solutions
(Abrikosov-Nielsen-Olesen (ANO) strings [2]). Both eects are well understood and there are a lot of physically
interesting situations, where they come into play either separately or together. Vacuum is characterized by nonzero
hi, gauge invariance is spontaneously broken, photon is massive with the mass m = ehi and Goldstone mode does
not interact with the gauge eld. This is the way Higgs phenomenon manifests itself in on the classical level.
On the quantum level situation becomes much more involved, however. The Goldstone eld interacts with the
gauge eld in some nontrivial way and as a result phase transition becomes possible for large enough values of the
coupling constant e (see, for example, [3]). This is indeed the case for AHM [4]. Quantum vacuum of AHM is lled
by creating and annihilating ANO strings, which are dilute in the Higgs phase and their influence on the classical
dynamics of the gauge eld is small. At the same time, ANO strings are condensed in the Coulomb phase, forming
large clusters. This eect was actually observed on the lattice [5].
Unfortunately, most of results about quantum dynamics of ANO strings are of qualitative character, despite there
are many exact ones on the classical level (see [1,6] and references therein). It would be desirable to take into account
eects induced by topological defects systematically where it is possible. In particular, there is an interesting question
{ how does Higgs phenomenon look like in such quantum vacuum? To answer it, one should calculate quantum
propagator of the gauge boson, interacting with the vacuum ensemble of ANO strings. It will be argued, that this
calculation can be easily performed deeply inside the Higgs phase of the theory, where the interaction can be considered
as a perturbation. After that, we will compare the results with another approaches and discuss the corresponding
physical picture.
II. CLASSICAL DYNAMICS OF AHM

















We are working in 4d Euclidean space throughout the paper and are not taking care of multiplicative eld-independent
factors in all formulas. The complex scalar eld (x) = (x)ei(x) couples with the gauge eld A(x) via covariant
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1
derivative D[eA] = @ + ieA. Analytical tools are available for two limiting cases: e
2;  1 - it is the domain
of usual perturbation theory, and =e2  1 - the so-called London limit and we are concentrating on the latter case
in the present paper. The radial part of the eld (x) fluctuates in the vicinity of : (x) = ( + (1=)(x))ei(x)
and at the leading 1=-order D[eA] ! i(@ + eA). The integration over (x) leads to 1=-corrections, which



















We denoted classical mass of the photon m = e in eq.(2.3). The action Sc contains singular contact terms, arising
in the limit  ! 1 and is unimportant for us at the moment (see Section IV). Since now, all nontrivial physics of
the model is concentrated in the term inside the brackets [:::], which describes the interaction between the gauge and
Goldstone elds. Due to the compact nature of the eld (x) 2 [0; 2) the integral over it is not of Gaussian type. It
















Notice, that S[A] is gauge invariant as it must be by its denition in eq.(2.2). The corresponding propagator for


































For the reader’s convenience, let us reproduce some of them, following from eq.(2.6). Expressing the gauge-invariant
correlator hF(x)F(y)i through formfactors D(z) and D1(z) according to [11]:



















where Ki(z) is the i-th modied Bessel function and z = mjx−yj. The correlator for dual quantities ~F =
1
2 F
is readily obtained from eq.(2.7); if it is parametrized by dual formfactors ~D(z) and ~D1(z) in the same way as in
eq.(2.7) then the following relation between direct and dual functions holds true:














Curiously, ~D(mx) equals to −m2(x). Notice the dierence from [12,13] in the "−" sign in eq.(2.9) (see discussion
at the end of the paper). The vacuum is exactly Gaussian in the sense, that all n-point correlators are factorized into
the product of the bilocal ones, dened by eq.(2.7). The reader is referred to [12{14] where various properties of such
correlators and their asymptotics are discussed.
There is, of course, a simpler and more familiar way of getting the eq.(2.6). Since @ is pure gauge degree of
freedom, making shift A +
1
e
@ ! A one breaks gauge invariance explicitly and integrand in eq.(2.3) does not
depend on  at all. The possibility to do such operation crucially depends on the fact, that F [A+
1
e
@] = F [A].
It is known, however, that in case of  being compact variable this relation is no longer correct. Instead, the following
identity holds true [7,8,10]:
@@(x) − @@(x) = (x) (2.10)
2
where (x) denes the vorticity tensor current (x) =
R
d()
(4)(x() − x) and integral is taken over some
closed 2-complex , which physically is the world-sheet of the ANO string. Eq.(2.10) clearly shows, that the symbol
@(x) has a little to do with the usual derivative, since the latter does not take into account the fact, that (x) is
dened modulo 2. To avoid this, we adopt the notation from [7,15] and denote @(x)  V(x) with the condition,
that I
C
V(x)dx = 2n (2.11)
for any closed contour C. It is worth noting, that V(x) is usual single-valued function to be operated with according
to the standard rules. In particular, "eld strength tensor" G(x) = @V(x)−@V(x) satises the Bianchi identity
 @ G = 0 due to closeness of .
Where should one expect the behaviour of the model to be close to the classical one, described by eq.(2.4)?
Naively, one concludes from eq.(2.3) that Goldstone eld decouples in the limit of small  and xed m. This limit
is selfcontradicting, however. As it has already been mentioned, for small enough  and 1=e2 the phase transition
occurs [4] and photons becomes massless. The fluctuations of the eld V are large and also typicall values of n in
eq.(2.11) are very dierent from zero in this parameter region. In other words, ANO strings are condensed and this
condensate strongly interacts with photons, destroying all classical features (see also [5]).
We will be interested in another limit, where 1=e2 and/or  are large. This region lies deeply inside the Higgs phase
of the theory and, roughly speaking, it is dicult for the vacuum to create the ANO string fluctuation in this limit.
The previous consideration shows, that it is precisely, what is needed, since the density of singularities of the eld
(x) is small and the integral in eq.(2.3) is approximately Gaussian. We leave this task for the Section IV and briefly
discuss string representation of AHM in the next section.
III. STRINGY PICTURE OF AHM
Since according to eq.(2.10) the singularities of the phase of the scalar eld are associated with the topologically
nontrivial objects - ANO strings, it is tempting to extract the contribution of such objects in the partition function
in explicit way. The key observation, which was done in [16], and improved in dierent respects in [10,18,19] is that
the integration over the singularities of (x) may be reformulated as an integration over space-time positions of the




where x() is the world-sheet coordinate of the ANO-string in eq.(2.10) and some nontrivial Jacobian J(x) presents




(4)(x− z) for the particle with the charge pe and performing the



























+ip j(x)(x− y)  @ (y) (3.3)
and the propagator (x− y) is dened by eq.(2.6).













between the closed contour C and closed ANO string world-sheet  in eq.(3.2) leads to the long-range topological
interaction, which physically is nothing than Aharonov-Bohm eect [21,22,8]. For p = 0 the above expression is just
3
the partition function given by eq.(2.1), formulated in terms of stringy degrees of freedom. The actions of this type
also arise in more general contexts [19,23].
The representation (3.2) gives a clear intuitive picture of the ANO strings quantum dynamics and also describes
their interactions with the gauge elds. There are several important points with it, which we would like to discuss
here. The rst one is the following: it is easy to see, that the group of transformations, leaving eq.(3.2) invariant
is much larger than just reparametric one, and most of these symmetries are hidden in some way. Let us take, for
example, the world-sheet of the ANO string to be a cylinder and let us glue its upper and lower discs. Owing to the
abelian nature of the theory the magnetic fluxes on these boundaries will be exactly compensated by each other and
the resulting world-sheet will have the topology of a torus. The invariance of eq.(3.3) and eq.(3.4) is ensured by the
fact, that they contain only tensorial 2-forms  . In other words, ANO string (and any abelian string of such sort
as well) does not feel the genus of its world-sheet, slightly dierent form of this statement is sometimes referred to as
"zig-zag" symmetry [24]. An important result immediately follows, namely that any 2-complex in the r.h.s. of eq.(3.2)
can be indeed factorized into a linear superposition of 2d surfaces. On the other hand, it is not clear, how one should
incorporate this symmetry into the measure Dx()J(x) where the reparametrization group factorization procedure
and the Jacobian depend on the genus of the corresponding surface both. One can guess, that this dependence is to
be cancelled and this fact is related with the absence of the conformal anomaly in d=4 for such theory.
The second remark deals with the long-distance expansion of eq.(3.2). Among many diseases of it, pointed, in
particular in [7], it breaks the "zig-zag" symmetry already in its rst, Nambu-Goto term (unless the string tension is
zero), since it discards all possible congurations when jx(1)− x(2)j is small while j1 − 2j is not. It means, that
such expansion may have reasonable sense if any only for the xed given surface, which without alternatives must be
taken as smooth. However, the question what are the surfaces playing the dominant role in the partition function is
undoubtedly dynamical. Therefore any conclusions, concerned with dynamical problems, should be taken as rather
suspicious, if they are based on the long-distance expansion. To construct the eective low-energy action for the
abelian strings, respecting all important symmetries of the problem would be in its own turn an interesting task. It is
likely, that it would be local in the bulk, but not on the world-sheet (see, however, [25] where local Weyl{noninvariant
string action is proposed and crumpling is argued to be prevented by introducing of higher order terms).
All this discussion is of academic interest, until it will help in practical calculations with eq.(3.2). The corresponding
action is nonlocal and calculation of any nontrivial correlator starting directly from eq.(3.2) is looking to be hopeless.
In particular, in [12] the classical part of the correlators of the type (2.7) was separated while the quantum one was
written in terms of some integrals over the ANO strings world-sheets. Unfortunately, quantitative analysis of such
integrals has not yet been performed.
Instead, we will go in opposite direction, return to eq.(2.3) in the next section and get the results, which may be
interpreted in terms of correlators of the string theory, dened by eqs.(3.2), (3.3) and (3.4).
IV. AHM IN THE HIGGS PHASE







2 d4x e−Sc (4.1)
where the factor Γ(V) enforces the condition (2.11) and governs all quantum dynamics in this respect.
One should specify now the contact terms Sc in eq.(4.1). The expressions (2.3) and (4.1) are correct everywhere
in the London limit except the region of distances from the world-sheet of the ANO string smaller than 1=
p
 since
scalar eld takes zero value there and it is not described by (2.3) without Sc. Therefore from the string picture point
of view, discussed in the previous section, these terms should be constructed from the vorticity tensor current (x)
and its derivatives. The rst term of such sort is the Nambu-Goto { type term of the formZ





where g is the induced metric tensor and 0 - bare string tension, depending on the way of regularization; it is typically
divergent in the limit  ! 1 [7,19] if the surface  is assumed to be locally smooth (however, it can be nite if
the surface is such, that (x(1) − x(2))2  j1 − 2j). It is also possible to include in Sc the rigidity and higher
order terms with some bare coupling constants. The same phenomenon is easy to understand using eld-theoretical
language. The eective theory dened by eq.(4.1) must contain all allowed (by gauge invariance in our case) terms of




4x in eq.(4.1) with bare coupling f0 - it is just the
4
term (4.2). It is worth noting, that the divergencies of 0 (if any) in the limit  ! 1 tell us nothing special about
f0, since the r.h.s. of eq.(4.2) is regularization scheme dependent while l.h.s. is not.
In the Gaussian case one has V = @U ; G  0 and the weigth Γ[V] is given by:
Γ[V] =
Z













2  @h d
4x (4.3)
The formulation in terms of Kalb-Ramond antisymmetric tensor eld h is sometimes used for description of ANO












where C^ form the set of base contours for the given 4d manifold. Geometrically, numbers nC^ are nothing than linking
numbers for the base contour C^ and ANO string(s) world-sheet. It can be shown, that for all nC^ being equal to zero
eq.(4.4) is equivalent to eq.(4.3) (deRham theorem).












































The sum in the r.h.s. of eq.(4.5) is taken over all closed contours (and not over 1-complexes, compare with the
discussion after eq.(3.4)).
The transition from eq.(4.4) to eq.(4.5) is actually BKT transformation [16], see also [3]. It was applied to AHM in
4d on the lattice (for review see [9]) and our derivation is very close to the lattice one. Obviously, some regularization
is assumed in each step, but from general point of view all procedure is consistently dened since the set of base
contours is given. In particular, eq.(4.5) contains only sum over closed contours and therefore can be calculated in
continuum limit.






































where the second equality follows from the well-known path-integral representation of the logarithm of determinant
and exponentiation is due to the fact, that the sum in eq.(4.6) counts all closed cycles including disconnected ones.
This kind of representation is originally due to Feynman (see, e.g. [26]) and was developed for dierent particular
cases in [17,18]. Notice, that in [18] it was used for analysis of AHM in 3d, where the contours C were associated
with the world-lines of topological defects. The contours C from our denition play, in some sense, dual role { they
surround two-dimensional world-sheets of the topological defects { ANO strings, having nontrivial linking numbers
with them.
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Eq.(4.8) is equivalent to eq.(2.1) up to possible higher order contact terms which, however, should be suppressed for
relatively small momenta (that probably is not the case in large-d { approximation, see related discussion in [25]). The
integration over all embeddings and world-sheet geometries in eq.(3.2) is replaced by the integration over vector eld
V and complex scalar auxilary eld  in eq.(4.8) giving another support to the fact, that huge amount of symmetries
is hidden in eq.(3.2).
There are no a priori small parameters in eq.(4.8). One is able to proceed if  and 1=e2 are large. Making rescalings
of the elds, it is easy to see that dominant contribution in this region is coming from the terms, quadratic in V and






























i.e. the bare coupling f0 is becoming the running one f with the usual for the scalar theory one-loop coecient. When
f is small, the congurations with nonzero G are suppressed and our theory is close to its classical, i.e. Gaussian
limit.
In higher orders the theory, dened by eq.(4.8) generates  - selnteraction terms and also dimensional transmutation
happens. The corresponding mass is the only nonperturbative parameter, establishing region of applicability of the
perturbation theory and related in some nontrivial way with the averaged size of the strings in the ensemble.
Straightforward integration over the eld V leads to the following propagator of the eld A (we have kept manifest
































where we denoted M2 = 2(e2 + f2).
We see, that quantum corrections to the classical case f = 0 are of two types. First, the photon is becoming heavier
with the new dynamical mass M > m. The second eect is more interesting - it is seen that due to nonzero f the
massless component appears. In some sense, quantum eects tend to destroy Higgs mechanism even deeply inside
the Higgs phase. The rising of the coupling constant f at small distances has a simple explanation { the world-sheets
of typical ANO strings are small in the Higgs phase and photons with large wavelengths interact with them as with
uniform background. However, if the wavelengths are decreasing, photons start to interact with defects individually,
and this interaction is strong. One can guess, that higher order corrections in f change only coecients in eq.(4.11)
and the expression for the mass M , but keep intact the separation of the propagator into massive and massless parts.
Near the phase transition the massless part becomes dominant. It should also be mentioned, that increasing of f
forbids one to study short-range asymptotics with eq.(4.11) and provides ultraviolet boundary for the theory under
consideration.
Taking into account the string picture of AHM, discussed in the Section III, one can give another explanation
of the eect. Indeed, for  suciently large, the only term which leads to long-range interaction in eq.(3.2) is the









At the same time one has for the Wilson loop from eq.(4.8) (in Gaussian approximation):






d4y hA(x)A(x)i j(x) j(y) (4.13)















where ~f2 = (f−2 + e−2)−1. The vanishing of this correlator in the limit f ! 0 tells about its quantum origin.
Introducing external currents, coupled with  and taking into account 1= corrections, one can calculate other
string correlators in the same spirit.
















where jCj denotes the length of the contour C and a - ultraviolet cuto. Proportionality of the averaged square of
the linking number to the length of the contour demonstrates from another side, that ANO-strings are small in the
Higgs phase and they have typical linking numbers with the contour C of the order of unity.
One can guess, that in the Coulomb phase, where ANO strings are condensed and their typicall sizes are large, the







with γ > 1 (we assume, that the contour C has all its spatial sizes of the order of jCj) . In particular case when γ  2
an interesting eect could appear { electrical Wilson loop would demonstrate area law due to the interaction of the
testing (electric!) charge with the stochastic magnetic fluxes coming from the string condensate. This mechanism of
"topological connement" was recently proposed and investigated on the lattice [5] in context of Abelian{projected
gluodynamics.
Quantum corrections to the gauge invariant correlators, dened in eq.(2.7) can be straightforwardly calculated,
starting from eq.(4.11). It should be noticed, that despite they look to be nonperturbative in e and f and cannot be
obtained, for example, by adding to (2.9) some simple function, this is not the case since our derivation was essentially
in one-loop with respect to the eld . The massless component contributes to D1(z) and ~D1(z) and does not to
D(z) and ~D(z) unless the running of f is taken into account [27].
At the end we would like to discuss the question whether is it possible to calculate the potential between external
monopole charges in the vacuum of AHM using the dual eld strength correlator, dened in eq.(2.9), even taking into
account the quantum corrections, eq.(4.11). Describing monopole loop by dual phase factor exp( ig
H
dz ~A(z)) where
the dual potential ~A is such that F [ ~A] = ~F [A] (see [28]), one gets in Gaussian approximation the monopole-
antimonopole potential in the form of some surface integrals of hF [ ~A]F [ ~A]i. Since nonzero ~D leads to the area law [11],
it is tempting to conclude, that eq.(2.9) indicates the connement of monopoles in AHM. There are many arguments,
however, why eq.(2.9) is not applicable here. First of all, there are no reasons to expect, that h ~F [A] ~F [A]iA should
be equal to hF [ ~A]F [ ~A]i ~A since direct and dual partition functions typically do not coincide and the integrations are
performed with dierent weights. Second, the function ~D is nonzero already on the classical level. The same function
~D would be obtained in the theory where vector eld is massive from the beginning, without any scalar elds at all,
which would not indicate, of course, the connement of monopoles in such theory. Third, if the sign of D1 is xed
to be positive by the condition that charge and anticharge in the direct theory should attract each other (as we did),
then the functions ~D and ~D1 will be negative (see eq.(2.9)), giving rise to unphysical repulsion between monopole and
antimonopole { both linear and Yukawa-type. If, on the contrary, one takes ~D and ~D1 with the sign "+", as it was
done in [12,13], then it will lead to negative D1. Fourth, the monopole-antimonopole string tension is divergent in the
London limit [19,29] due to the fact, that the radius of the string, which is lower cuto in the integral in transverse
direction, dening the total magnetic energy, is assumed to be zero. This divergence has nothing to do with the
logarithmic ultraviolet divergence of
R
d2x ~D(x), which is a result of the integration in the longitudinal plane, and,
in particular, cannot be cured simply by niteness of . The latter divergence is rather articial, however, since in
quantum case the short distance asymptotics is to be changed dramatically (see discussion after eq.(4.11)).
All that shows, that the dual eld strength correlators are not adequate for description of the monopole interactions
in the theories with spontaneously broken symmetries. The reader is referred to [29] where this problem is discussed
and possible indirect way is suggested.
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V. CONCLUSION
Partition function of AHM has been reformulated in a way, which is convenient for studying physics of the model
deeply inside the Higgs phase (eq.(4.8)). It has been shown, that massless component appears in the propagator of
the gauge boson (4.10) due to the long-range Aharonov{Bohm - type interaction with the quantum ensemble of the
topological defects. Speaking very roughly, quantum vs. classical in AHM means Aharonov{Bohm vs. Higgs eects.
It should be mentioned, that despite all arguments were presented for the particular case of Abelian Higgs Model, the
general picture is likely to survive in other theories, exhibiting the same underlying physical phenomena.
ACKNOWLEDGMENTS
The author is grateful to D.Antonov, A.Dubin, M.Chernodub, F.Gubarev, M.Polikarpov and Yu.Simonov for useful
discussions. The author also wish to thank the Dipartimento di Fisica University of Pisa and especially A.DiGiacomo
for kind hospitality during the completion of this work and INFN for nancial support. This research was also
supported in part by the grant RFFI-DFG-96-02-00088.
[1] A. Jae, C. Taubes, Vortices and monopoles, Progr. in Physics, N2, Birkhauser, 1980.
[2] A.A. Abrikosov, Sov.Phys.-JETP 5 1174 (1957);
H.B. Nielsen, P. Olesen, Nucl.Phys. B61 45 (1973).
[3] A.M. Polyakov, Gauge elds and strings, Harwood Academic Publishers, 1987.
[4] M. Einhorn, R. Savit, Phys.Rev. D17 2583 (1978) and D19 1198 (1979);
M. Chavel, Phys.Lett. B378 227 (1996).
[5] M. Chernodub, M. Polikarpov, A. Veselov, M. Zubkov, hep-lat/9804002; hep-lat/9809158.
[6] Yu. Ovchinnikov, I. Siegal, Nonlinearity, 11 1277 (1998);
P. Shah, Nucl.Phys. B429 259 (1994).
[7] P. Orland, Nucl.Phys. B428 221 (1994).
[8] E. Akhmedov, M. Chernodub, M. Polikarpov, M. Zubkov, Phys.Rev. D53 2087 (1996).
[9] M. Polikarpov, Nucl.Phys.Proc.Suppl.B53 134 (1997);
M. Chernodub, M. Polikarpov, hep-lat/9710205.
[10] K. Lee, Phys.Rev. D48 2493 (1993).
[11] H.G. Dosch, Phys.Lett. B190 177 (1987);
H.G. Dosch, Yu.A. Simonov, Phys.Lett. B205 339 (1988).
[12] D. Antonov, Mod.Phys.Lett., A13 659 (1998);
D. Antonov, D. Ebert, hep-th/9806153;
D. Antonov, hep-th/9804030.
[13] M. Baker, N. Brambilla, H.G. Dosch, A. Vairo, Phys.Rev. D58 034010 (1998).
[14] N. Brambilla, A. Vairo, hep-ph/9809210.
[15] J. Gervais, B. Sakita, Nucl.Phys. B91 301 (1975).
[16] V.L. Berezinskii, Sov.Phys.-JETP 32 493 (1970);
J.M. Kosterlitz, D.J. Thouless, J.Phys. C6 1181 (1973).
[17] M.B. Halpern, P.Senjanovic, Phys.Rev. D15 1655 (1977);
M.B. Halpern, W.Siegel, Phys.Rev. D16 2476 and 2486 (1977).
[18] K. Bardacki, S.Samuel, Phys.Rev. D18 2849 (1978).
[19] Y. Nambu, Phys.Rev. D10 4262 (1974);
M. Sato, S. Yahikozawa, Nucl.Phys. B436 100 (1995).
[20] G. Horowitz, M.Srednicki, Comm.Math.Phys. 130 83 (1990).
[21] Y. Aharonov, D. Bohm, Phys.Rev. 115 485 (1959).
[22] M. Alford, F. Wilczek, Phys.Rev.Lett. 62 1071 (1989);
J. Preskill, L. Krauss, Nucl.Phys. B341 50 (1990);
F. Bais, A. Morozov, M. de Wild Propitius, Phys.Rev.Lett. 71 2383 (1993);
M. Polikarpov, U.-J. Wiese, M. Zubkov, Phys.Lett. B309 133 (1993).
[23] M. Rasetti, T. Regge, Physica, 80A 217 (1975);
H. Kleinert, Phys.Lett. B211 151 (1988);
8
A. Polyakov, Nucl.Phys. B486 23 (1997);
M. Diamantini, F. Quevedo, C. Trugenberger, Phys.Lett. B396 115 (1997).
[24] A. Polyakov, Nucl.Phys.Proc.Suppl. 68 1 (1998).
[25] M. Diamantini, H. Kleinert, C. Trugenberger, hep-th/9810171.
[26] R. Feynman, A. Hibbs, Quantum mechanics and path integrals, New York, McgGraw Hill, 1965.
[27] A. Vainshtein, V. Zakharov, Phys.Lett. B225 415 (1989);
V. Shevchenko, hep-ph/9802274.
[28] M.B. Halpern, Phys.Rev. D19 517 (1979).
[29] F. Gubarev, M. Polikarpov, V. Zakharov, hep-th/9805175.
9
